A load-sharing analysis methodology was proposed for the multiple-branch star gear transmission which is composed of a number of closed-loop power flows. The moment equilibrium and deformation compatibility equations for the twostage star gearing were derived, which are clearly different from that used in planetary gear transmission. Then the loadsharing analysis model was established and employed to systematically study the load-sharing behavior of the two-stage three-branch star gearing, some untouched aspects were investigated. Results show that the most sensitive directions of the central and star gear assembly errors on load-sharing are along the meshing line. The effects of the size and direction of the central gear-manufacturing errors on load sharing are the same for each branch, the initial directions of the central or a certain star gear-manufacturing errors will have no effect on the load-sharing coefficient of the system, but the initial directions of the assembly errors will. The conditions in which the load distribution curves repeat the first track were also obtained. Finally, a numerical example of a three-branch star gear aviation reducer was adopted to verify the feasibility of this proposed method, and the calculation results show good agreement with a previously published and validated model.
Introduction
It is well accepted that a multiple-branch gear transmission can reduce the load of each path significantly by splitting the input power into a number of parallel paths, while improving the power density ratio of the system and making the structure more compact. A star gear train, which is a type of fixed-axis multiple-branch gear transmission, has clear advantages in terms of intensity, rigidity, and working reliability compared with a planetary transmission, which has granted it wide application in aviation and automotive industries.
These advantages of multiple-branch gear transmissions, however, can only be achieved if the load is evenly distributed among all of the paths. This ideal load sharing is not easy to obtain owing to manufacturing and assembly errors. To solve this problem, extensive research has been carried out. Hayashi et al., 1 Ma and Botman, 2 and Hidaka and Sugimoto 3 focused on the load sharing of planetary gearing and discussed the influence of gear errors and misalignments on the load distribution. Yanabe et al. 4 studied the effects of positional deviation and bearing stiffness on the load sharing in star gearing. Sikorsky 5 proposed a power-split gear transmission with two branches and applied it to the main reducer of a Comanche helicopter. Krantz and Delgado 6, 7 subsequently carried out experiments at NASA analyzing the static load-sharing behavior. Yoshino et al. 8 probed into the self-centering characteristics of floating sun gears used in star gearing. Kahraman and colleagues [9] [10] [11] [12] systematically studied the characteristics of load sharing of planetary gearing both experimentally and through simulations. Singh and colleagues [13] [14] [15] [16] [17] [18] proposed an analysis model and a physical explanation of the load-sharing behavior of planetary gears. Qiu et al. 19 investigated the loadsharing characteristics of a planetary gear in large wind turbines by considering the effects of gravity. Iglesias et al. 20 conducted a systematic study on the effects of planet positioning errors on the load sharing of a planetary transmission. Fang et al. 21 analyzed the dynamic behavior of a star gear system with three branches. Bao and Zhu 22 studied the static load-sharing characteristics of two-stage star gearing and calculated the offsets of the basic components. Yuan et al. 23 discussed the relationship between static load sharing and the manufacturing and assembly errors of the basic components.
The load-sharing analysis methods applied in above studies, however, only considered the mechanical equilibrium relationship between adjacent components, and little research has been conducted on the load-sharing behavior of multiple-branch gear transmissions when considering a system composed of a number of closedloop power flows. [24] [25] [26] A deformation compatibility condition occurs among all gears in the same closedloop power path, as determined by the authors, and presented and validated in previous studies. 24, 25 To reveal the essential feature of a multiple-branch powersplit gear transmission, this characteristic should not be ignored. But these studies did not distinguish the differences between star and planetary transmissions with regard to the deformation compatibility equations, which is less rigorous because in planetary gearing, the planet gear meshes with both the sun and internal gears, but in the two-stage star gearing, the sun gear meshes with the star gear at the first stage, and the internal gear meshes with the star gear at the second stage. Only when the tooth numbers of the two star gears in the same axis are equal and the torsion and bending deformations of the axis are neglected, the process of derivation in planetary gearing can be adopted to two-stage star gearing.
Herein, a new method is created for a load-sharing analysis of three-branch star gearing using the deformation compatibility, and a strict derivation and verification, are described. Some untouched aspects of the load-sharing behavior of star gearing are also elucidated, such as the relationship between the load-sharing coefficients of different stages within the same branch, and the most sensitive directions of the central gear assembly errors on the load sharing. The most sensitive directions of the star gear assembly errors on the load sharing are also detailed. The condition in which the load distribution curves repeat the first track is also described. Finally, some concluding remarks regarding this research are provided.
Moment equilibrium and deformation compatibility equations
Two-stage three-branch star gearing
As shown in Figure 1 , a three-branch star gear train consists of two central gears (a sun gear and an internal gear) and three dual star gears. Input power flow is transferred to the sun gear and split into three paths by the first stage of dual star gears (p Ii , i = 1, 2, 3), converged into the internal gear through the second stage (p IIi ), and finally output through the rotating shaft connected with the internal gear. Here, I and II represent the first and the second stage, respectively. i represents the ith star gear at each stage.
To ensure a uniform distribution of the input torque and eliminate the need for additional load-sharing mechanisms, floating central gears are widely applied in engineering to enable the whole transmission system to be compact and highly reliable. Considering that the coupling spindles are relatively stubby and that star gears are normally not used as floating components, both the torsional and bend deformation of coupling spindles between the first and second star gears, and the bearing elasticity for dual star gears, are ignored in this study.
Moment equilibrium equations of the system
A mechanical model for a three-branch star gear train is shown in Figure 2 . The teeth are treated as elastomers, and torsional and contact deformations occur under a load. Elastic support is adopted on the central gears. Here, the subscripts s and r represent the sun gear and the internal gear, respectively. T s represents the input torque, s represents the sun gear, T ij indicates the torque applied to gear i from gear j. The torque between each gear is T spIi , T pIIir , and T pIis , T rpIIi , where pIi is the ith star gear at stage I and pIIi is the ith star gear at stage II. Such as, T spIi represents the torque applied to the sun gear from the ith star gear at the first stage(pIi). The drive torque is assumed to be positive, and the load torque is considered to be negative.
The following equation set can be obtained according to the moment equilibrium conditions of the sun and dual star gears, as further shown in Figure 2 T s +
According to the force and reaction force balance conditions, the following equation is obtained
Here, r bpI is the base circle radius of the star gears on stage I, r bs is the base circle radius of the sun gear. Then, substituting equation (2) into equation (1)
Deformation compatibility equations of the system
As shown in Figure 2 , the meshing angle equations of each gear pair are as follows
where f i is the rotation angle of gear i, and Df ij is the angular displacement of gear i with respect to gear j, which is a function of Tij, and Df ij = À Df ji . r bpII is the base circle radius of the star gears at stage II. The following equation is obtained regardless of the torsional deformation of the coupling spindles
It is important to note that Df pIi and Df pIIi can be replaced with the rotation angle of the planetary gear in a planetary transmission.
The transmission error of the kth branch can be converted into the equivalent angular displacement relative to the sun gear
Then substituting equations (4) and (5) into equation (6) Df k = Df s À r bpI r br r bs r bpII Df r ð7Þ
We can see that equation (7) is clearly different from that derived for the planetary transmission. 24, 26 According to equation (7), the following equation can be obtained
Based on the above analysis, choosing Df 1 = Df 2 and Df 1 = Df 3 , the following deformation compatibility equations of a three-branch star gear train can be obtained, that is, the algebraic sum of the equivalent angular displacement in a closed-loop power flow is zero, such as in the closed loops of s À p I1 À r À p II2 À s and s À p I1 À r À p II3 À s Load-sharing analysis model
Angular transmission error caused by deformation
The meshing transmission error of gear pair ij consists of two parts, as shown in equation (10) Df ij = Df
where Df
ij is the relative rotation angle caused by the initial backlash between gears j and i. In addition, Df (M) ij (T ij ) represents the relative rotation angle at the meshing point after gear j makes contact with i. As Df (M) ij (T ij ) possesses the same sign as T ij , Df (M) ij (T ij ) can be calculated by applying the following equation
where K ij is the meshing stiffness of gear pair ij, and the equivalent stiffness can be used in the general calculation, [22] [23] [24] [25] [26] [27] [28] r i is the radius of gear i. Thus, the following equation set can be obtained
ð12Þ
Angular transmission error caused by errors and floating
If the manufacturing and assembly errors, as well as the floating of basic components, can be neglected, Df (N) ij = 0; otherwise, it is composed of two parts.
Angular displacements caused by manufacturing and assembly errors. Figure 3 shows the manufacturing and assembly errors mentioned in this research, and the errors of the dual star gears including the first and second stages.
Here, the manufacturing errors mainly refers to the manufacturing eccentricity and the pitch error caused by the process of gear machining, while the assembly errors mainly refers to the assembly eccentricity of the central and dual star gears. (E, h) represents a manufacturing error, and (A, u) indicates an assembly error, where E and A are the size of manufacturing and assembly eccentricity of the gear, respectively, while h and u are the position angles of the manufacturing and the assembly eccentricity, respectively. In addition, u i = 2p(i À 1)=3 is the phase angle of dual star gear i. All angular displacements caused by the manufacturing and assembly errors are as follows
where the subscripts s, p Ii , p IIi , and r represent the sun gear, star gear i on the first and second stages, and the internal gear, respectively. In addition a w and a n represent the meshing angles of the external and internal gearing, respectively; v s , v p , and v r are the angular velocities of a sun gear, star gear, and internal gear; t indicates the time. e w and e n are the base pitch errors of the external and internal gearing. As shown in the equations above, f Esi , f EpIi , f EpIIi , and f Eri are time-varied functions, whereas f Asi , f ApIi , f ApIIi , f Ari , j spIi , and j pIIir are time-invariant. It is assume that the direction away from the tooth surface is positive, and that the assembly center of the central gears is the coordinate center of the system. The accumulated angular displacements of each gear pair can then be calculated using equation (14) 
Angular displacements caused by floating of basic components. The angular displacements caused by floating of basic components are as follows
where x s , y s and x r , y r are the offsets of the central gears, W i = u i + p=2 À a w is the meshing line azimuthal angle of a sun gear and star gear i on the first stage, and N i = u i + p=2 + a n is the meshing line azimuthal angle of star gear i and an internal gear on the second stage. Thus, the entire angular displacements caused by such errors and floating can be calculated using equation (16) 
By substituting equations (11) and (16) into equation (10) , the angular transmission errors can be obtained as follows
Bearing stiffness and floating of central gears
The bearing stiffness and floating of the sun gear and the internal gear are as follows
where K s and K r represent the bearing stiffness of the sun and internal gears.
Load-sharing coefficient of the system
The simultaneous solutions to equations (3), (9), (17) , and (18) are T spIi ,T pIIir and x s , y s , x r , y r . The load-sharing coefficients of each branch and stage can be calculated through equations (19) and (20) G
T spIi ð21Þ
Therefore
The load-sharing coefficient of the system is then defined as G and can be calculated using equation (23) as
Numerical examples and discussions
The load distribution of a two-stage three-branch star gear reducer used in aviation is calculated based on the above analysis. The basic parameters of the gears in this reducer are shown in Table 1 . 23 The input power is 1250 kW at a rotating speed of 20,000 r/min. The equivalent meshing stiffness of the first and second stages is 1 3 10 6 N=mm. The bearing stiffness of the sun and internal gears is 9:42 3 10 3 N=mm. It should be noted that the spiral hands of the two star gears on the first and the second stages are usually designed to be the same to reduce the axial force on the double star gear shaft. However, the helical angle size of the two star gears on the first and the second stages are not necessarily equal due to the different load and structure requirements on each stage.
Effects of manufacturing and assembly errors on load sharing
Sensitivity analysis of the errors. Assuming that all errors are 6mm and that the position angle is 08, the following results (as shown in Figure 4 ) can be obtained when each error occurs independently. The angular coordinate represents the rotational angle of the internal gear. Figure 4 (a) shows that the load distribution curve of each branch changes periodically with only a phase difference between them when a manufacturing error of the sun gear occurs alone, whereas it remains unchanged when an assembly error occurs independently, as shown in Figure 4 (b). This is because the angle of the manufacturing error on a central gear changes with the rotation of the corresponding gear, but the angle of an assembly error remains the same regardless of whether the corresponding gear is rotating. Similar conclusions can be obtained for an internal gear, as shown in Figure 4 (g) and (h).
For the star gears, shown in Figures 4(c) -(f), the load distribution curves of all branches change periodically when each manufacturing error of a star gear occurs independently, whereas they remain unchanged when an assembly error of one of the star gears occurs. In contrast to the central gears, phase and amplitude differences occur between branch curves with and without manufacturing errors. The fluctuation amplitude of the curve for an error-existing branch is relatively large, whereas the two curves for error-free branches are synchronous. In addition, the curve amplitude of an errorexisting branch is smaller than that of error-free branches when an assembly error occurs on the first stage, whereas the result is just the reverse when an assembly error occurs on the second stage, this is because the equivalent meshing error between a sun gear and star gear I increases as a result of this particular assembly error, whereas the equivalent meshing error between star gear II and an internal gear decreases.
From Figure 4 , we can also see that the load distribution of the system is most sensitive to errors (including manufacturing and assembly errors) of the internal gear, followed by errors in star gear II and a sun gear successively, with the errors of star gear I being the least sensitive factor. Therefore, the wisest choice is to improve the manufacturing and assembly precision of the internal gear or adopt a floating mechanism to an internal gear to make the load sharing equal. In addition, the load distribution curve does not repeat the first track in the second lap of the internal gear (as shown in Figure 4 (c) and (e)) because the ratio of the number of teeth of inner meshing gears is not an integer. Theoretically, the load distribution curve will be coincident with the previous track when the number of rotating teeth reaches the least common multiple of the number of teeth of the inner meshing gears. Figure 5 shows the effects of the assembly errors on the load sharing of the system. As can be seen in Figure 5 , the load-sharing coefficient of the system will increase as the size of the error increases. For the central gears, there are three sensitive zones, these areas are around the assembly angles of the star dual gears for a sun gear, whereas for an internal gear, they are around the position angles which are the middle position of two adjacent star dual gears. This is because a preloading of the star gear will occur when the central gears are close to it, and this excess in transmitted torque is relatively large when it occurs on a single star gear as compared to two star gears. For the star dual gears, there are only two sensitive zones, which are around the tangential direction, as reported in previous studies. Further details of these angles are given in the following section.
Effects of error direction
Error direction of central gears. The manufacturing errors of central gears have the same effect on each branch, namely, the amplitude of the load-sharing curve and the load-sharing coefficient of the system remain the same; however, the phase will change as the initial error direction changes, as shown in Figure 6 . The size of all errors is 6 mm.
The assembly error direction of the central gears will not change with the rotation, and therefore different directions will lead to different load distributions, as shown in Figure 7 . Figure 8 shows that the assembly error angles of the central gears, that is, around 100 8 , 220 8 , and 340 8 (sun gear) and 80 8 , 200 8 , and 320 8 (internal gear), have a significant effect on the load-sharing coefficient of the system, which is consistent with the previous conclusion shown in Figure 5 . The angular coordinate in Figure 8 represents the angles of the assembly errors. In fact, the central gears approach the star gear more quickly along the direction of meshing line; the angle between the meshing line and the tangential direction is equal to pitch circle pressure angle, 20°. Thus, for external gears, the angle should be reduced by 20°compared to the tangential direction, and for internal gears, it should be increased by 20°. It is assumed that the anticlockwise direction is positive.
Error direction of star gears. The effects of the star gear-manufacturing error directions on the load sharing are shown in Figure 9 . Here, the load will be evenly distributed only if the initial error directions of the three branches are the same, and the load-sharing curve of each branch will have a periodical change in any other case. The angular coordinates in Figure 9 represent the angles of the manufacturing errors. Figure 10 shows that the load will be evenly distributed when the assembly error angles of all branches are equal to each other, which is consistent with the conclusion previously published.
13 Figure 11 shows clearly that the load-sharing coefficient of the system is most sensitive to assembly error angles of 70 8 and 250 8 for the star gears on the first stage, whereas for the star gears on the second stage, they are 110 8 and 290 8 . That is, the most sensitive direction of the star gear assembly error is in the direction of the meshing line (as shown in Figure 12 ), which is the same for the central gears we analyzed above. Here, a 0 represents the working pressure angle, which is equal to the pitch circle pressure angle.
It should be noted that the initial manufacturing error direction of a certain star gear has no effect on the load-sharing coefficient of the system with the exception of the phase of the load-sharing curve, which is the same as with the central gears.
Effects of basic component floating on load sharing Figure 13 shows the effects of the central gear floating on the load sharing of the system, which is calculated under all of the manufacturing and assembly errors discussed above (shown in Tables 2 and 3 ). The results of the load-sharing coefficient of the system under different floating cases are shown in Table 4 . As can be seen in Figure 14 , the floating of the central gears is conducive to a uniform load distribution for this system. In addition, the floating of an internal gear is superior to that of a sun gear, and better results will be achieved if all of the central gears are floating.
The floating trajectories of the central gears corresponding to the above working conditions are shown in Figure 14 .
Effects of basic component bearing stiffness on the load sharing
The influence of the central gear-bearing stiffness on the load sharing of the system under all of the above errors is shown in Figure 15 , which takes the ratio of bearing stiffness to K s as the horizontal axis and the load-sharing coefficient of the system as the vertical axis. The bearing stiffness of the movable components increases from 0.001 to 10,000 K s .
As can be seen from Figure 15 , the load will be evenly distributed if the bearing stiffness of the movable components is below 0.01 K s ; on the other hand, the bearing stiffness of the internal gear has a significant impact on the load sharing, and thus, it should be reduced, or a load-balancing mechanism should be adopted in the internal gear to meet the requirement of a uniform load sharing. This supports the above result indicating that the floating of a single internal gear is superior to that of a sun gear.
Feasibility analysis
The feasibility of this method was demonstrated using above numerical example of a three-branch star gear aviation reducer. Here, the load sharing of the system under the same error condition (shown in Tables 5 and  6 ) is shown in Figure 16 , where the load-sharing coefficient of the system is 1.011, which is 1.012 in the previously validated model, 23 the error is less than 0.1%. Comparing Figures 13(a) and 16 , the load-sharing coefficient of the system is relatively large in the former case, and the shapes of the load-sharing curves are different, although the error sizes are the same, which is due to the irregular distribution of the manufacturing and assembly errors along the circular direction.
Conclusion
This load-sharing analysis model considers the effects of almost all gear-manufacturing and assembly errors, as well as the floating and bearing stiffness of the central gears on the load sharing, particularly the directional sensitivity of the position errors of the central and star gears.
It was shown that an eccentric error of an internal gear is the most sensitive to the load sharing of the system. Three sensitive zones of the central gear position errors, and two sensitive zones of the star gears on the load sharing were obtained, and the most sensitive direction of the star gear assembly error is in the direction of the meshing line, around the tangential pinhole positions, as reported in previous studies. The effects of the size and direction of the central gear-manufacturing errors on the load sharing are the same for each branch, with the exception of a phase difference. The initial directions of the manufacturing errors of the central gears or a certain star gear will have no effect on the load-sharing coefficient of the system, but the initial directions of the assembly errors will. The load distribution curve will be coincident with the previous track when the number of rotating teeth reaches the least common multiple of the number of teeth of the inner meshing gears.
Floating of the central gears, particularly an internal gear, results in significant improvement for a uniform distribution of load in the star gearing, and better results will be obtained if all of the central gears float together. In addition, a uniform distribution of the load sharing will be obtained if the bearing stiffness of the central gears is sufficiently small. Figure 16 . Load sharing of the system under the same error conditions in a previous work. The moment equilibrium and the deformation compatibility equations derived for the planetary gear transmission cannot be adopted directly to the two-stage star gearing due to the different meshing relationships.
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